A ppendix. O scillations in a three-layered stratified basin* By M. S. Longuet-H iggins, Trinity , Cambridge
Consider a rectangular basin of length / and depth h which, in equilibrium, contains three horizontal layers of fluid of different densities pl9 p2 and and of depths hl9 and (The suffixes 1, 2 and 3 refer to the upper, middle and lower layers respectively.) Let rectangular co-ordinates (*, y, z) be taken with the origin in the upper surface at one end of the basin, the x-axis horizontal and the z-axis vertically downwards. The motion will be assumed to be two-dimensional and independent of the ^-co-ordinate.
Since the wave-length of the motion to be considered will be large compared with the depth, the vertical acceleration may be neglected, so that the pressure equals the hydro static pressure. Thus, if £1? £2 and £3 denote the downward displacement of the upper surfaces of the three layers from their equilibrium positions, the pressures pl9 and in the three layers are given by tpl dx ' d£ p2 d# 5 p3dx which shows that ul} u2 and u3 are independent ofz, i.e. that the motion in any vertical plane is uniform for each layer. Thirdly, by considering the flux of water into any element of volume we obtain the equations of continuity:
pX i p2 , p3 , uu u2 and u3 from equations (A 1,2 and 3) we find
We seek a simple harmonic motion of wave-length 27r/k and period 2n/a; the operators d2/d£2 and d2/d*2 are therefore to be replaced by -< 72 and -k2 respectively, and we have
The elimination of (£j-£2), (G -£3) and £3 frc>m (A 5) gives
which on expansion becomes
Equation (A 8) determines the relation between the period and the wave-length. Since the left-hand side is a cubic in //, there will be, for a given wave-length, three possible modes of oscillation which we may denote by the indices (1), (2) and (3). For each value of H® the ratios of the corresponding displacements Qp and CP may be found from equations (A 5). Thus we have m \h x+H®)hzp2
The density differences recurring in practice are of the order of one part per thousand. Thus one solution of (8) will be given very nearly by
This is the ordinary 'surface' seiche. From (A 9) we have then
showing that the displacements are all in the same sense and are proportional to the height above the bottom. The two 'internal' seiches, in which we are chiefly interested here, are given by the remaining roots / / (2) and i / (3) of equation (A 5). Since these roots are of the order of {PilPz~^) they satisfy the equation (i = 2, 3) to the same order of approximation. Thus in the two 'internal' seiches the dis placement of the free surface is very small compared with that of the two interfaces. It will be convenient to denote the ratio of the other two displacements by ft®:
A® -GP/ff = (.Kim) (f t /A -i ) + (a# 3+ i ) . (A 14)
Since there is no flow across the vertical walls x = 0,1, l must be a multiple of half a wave length; hence 7 _ /y 7 k = nujl = nkQ o® = kJ{-gH®} = where ir/l, (7, 11) (A 15) (A 16) In general the motion will consist of the sum of an infinite number of modes whose wave length is given by (A 15) . If the initial displacement of the free surface is small compared with that of the two interfaces, the modes of 'surface' type (corresponding to HO)) will not be excited. Hence we shall have and h2u2
In the plane x -|7, and when the motion initially starts from rest, we have 
